With the help of computer algebra, I devise an exact unitary transformation for the Anderson impurity model which allows to kill the hybridization term in the slightly simplified case of zero chemical potential. Then I compute explicitly the outcome of this transformation. This is a rigorous version of the well known Schrieffer-Wolff transformation. It should be possible to treat the general case at the price of increased computation time.
Introduction
The Anderson impurity model describes a single magnetic impurity coupled to a conduction band of electrons (for a recent review see [1] ). The reduced Hamiltonian with chemical potential µ is formally given by
where in fact one should pass to particle-hole representation and define a new H ′ (by adding a diverging constant) bounded from below in the infinite volume limit. The c's and the d's are standard Fermionic annihilation operators, we assume furthermore
(In the following, I will note H instead of H ′ .) Using a Bethe-ansatz, the model was exactly solved in dimension d = 1 with linear dispersion relation (without UV-cutoff) and a constant V [5] . But in the general case, apart from numerical renormalization [3] , the common way to study this model consists in trying to eliminate the hybridization term. This was first approximatively done by Schrieffer and Wolff [4] . This Schrieffer-Wolff transformation leads to a renormalization of the energy impurity and of the repulsive interaction. Furthermore it generates an anti-ferromagnetic spin-spin interaction between the impurity and conduction band electrons. Thus, it maps the Anderson impurity model to an effective s-d type model exhibiting Kondo effect.
But this transformation is equivalent to a second order perturbation treatment and its validity is unclear. Furthermore, it becomes singular when the energy of the impurity lies in the conduction band. In particular, it is not at all suitable in the intermediate valence regime (of interest for certain rare earth compounds) where the impurity energy is close to the Fermi level.
The Schrieffer-Wolff transformation was refined by Kehrein and Mielke by the use of infinitesimal unitary transformations [2] . This leads to a smoother result but it still relies on uncontrolled approximations.
In this paper, I want to study the possibility of an exact elimination of the hybridization term through unitary transformation with the help of computer algebra. As a first step, I will consider the slightly simplified case µ = 0, i.e. there are only particles and no holes. In this case, I prove the existence of such a generalized Schrieffer-Wolff transformation and I compute the resulting Hamiltonian as a s-d type model (up to irrelevant terms) with an effective spin-spin interaction which is anti-ferromagnetic in one channel.
Then I explain how the computation would be changed in the general case and how one can then partly use the µ = 0 computation. This suggests that it should be possible to treat also the general case.
Main result
Theorem 1 Let H be as in (2) with U > 0, µ = 0 and
, then there exist
L 2 = 1; • and some unitary operators
such that
contains no term linear in c σ or c
The proof is through brute force. Using the above expressions as ansatz for U 1 and U 2 , I compute (with the help of computer algebra) the effect of the two unitary transformations as a function of (t 1 , f 1 ; t 2 , f 2 ) then I impose that the terms linear in c σ or c * σ vanish. After simplification, I obtain the following expected result Theorem 2 H is unitarily equivalent to an s-d type Hamiltonian
where H Irr is an irrelevant part (in the Renormalization Group sense) which consists in a (large) number of terms of order at least 3 in c or c * , and the σ i are Pauli matrices (thus the S's are spin operators).
Furthermore, for values of the parameters (ε d , U, g) in the so-called local moment or intermediate valence regimes, one has λ AF > 0 and λ F < 0
i.e. the resulting spin-spin interaction is anti-ferromagnetic in one channel.
Remarks
• Let us note that U 1 and U 2 preserve the original electron number and total spin conservation as well as the U(1) × SU (2) • The Schrieffer Wolff transformation amounts to the particular choice
We will see that this is not so bad provided one replaces ε d and U by their renormalized value. Indeed I find
where µ 2 ∼ −(U R + ε R ) (19)
• Up to irrelevant terms, one can see that in H 2 the channels n d = 1 and n d ∈ {0, 2} are decoupled. Yet U R + ε R ∼ −µ 2 is negative but small (in the local moment regime, I find that
Thus it is a priori not clear in which channel will be the ground state of H 2 .
• Finally an important remark is that strictly speaking eliminating the hybridization term is not enough because there remains a dangerous term in H 2 , namely
The reason is that when one performs some Renormalization Group analysis on H 2 , W combined with some cubic term in H Irr can generate back some terms which are linear in c σ or c * σ . Thus one should perform a third transformation
to kill also this term. This should a priori be possible, one then would have to meet three constraints with three adjustable functions.It is easy to see that there are no other dangerous term which could generate some part linear in c σ or c * σ . This problem was totally overlooked up to know because people usually do not worry about irrelevant terms. This is not too dramatic in the local moment regime since in that case, one has
which means that the terms linear in c σ or c * σ that are generated will in fact remain small at least up to the Kondo Temperature scale.
3 Proof of theorem 1
Principle of the computation
The unitary transformations that I consider in this paper are of the form U(t) = e tΓ , and the general problem is, given an observable O, to compute
Thus the problem amounts to find a finite (possibly large) set {O 1 = O, O 2 , . . . , O n } whose span is stable under commutation with Γ.
Then one has just to integrate the first order linear equation
The difficulty comes from the large value of n (for the second transformation, n ≈ 150) which makes the problem in practical impossible to solve by hand, thus the need for computer assistance.
The computation was done on a Unix workstation running Mathematica, using a personal implementation of Fermionic operator algebras. The computation time is hard to assess because computation went in parallel with code writing and furthermore the whole process is not yet automated and requires an heavy human participation.
I can nevertheless estimate a kind of effective computation time (human+computer) which is of order of a few months. This proves that such computations are tractable.
First Unitary transformation
Let H 1 = U 1 HU * 1 , α 1 = cos(t 1 ) and β 1 = sin(t 1 ), this transformation is quite easy to compute since one can check that
An important simplification coming from the case µ = 0 is the fact that the second transformation does not affect the "c * σ (.)d σ " part. Therefore I can set it to zero at this stage. The constraint reads
This leads to the following equation for λ 1
from which one can see that λ 1 is real, just like V, f 1 . Let us consider
it is easy to see that this is a strictly decreasing function ranging from +∞ (because
Therefore it admits an inverse function λ 1 (ε d ) > 0 giving the unique solution to (33).
Since
and the normalization condition fixes α .
Finally, choosing α 1 and β 1 to be positive, one obtains.
where the C's are given by
(44)
(45)
Second Unitary Transform
By analogy with the first transformation, I will look for a function f 2 satisfying
The interested reader will find in appendix the differential equations governing this transformation, from this one can reconstruct the integrated flow.
I note
Having the c * With this particular choice, ω 12 disappears from equation (56) so that I can express µ 1 as a function of µ 2 .
And from the normalization condition, one gets ω 12 as a function of µ 1 and µ 2 .
Finally, substituting (66) into (57), we are left with the following equation
Lemma 1
The equation ϕ(µ) = 0 has a unique solution µ 2 , furthermore µ 2 ∈ (0, λ 1 ).
Proof
• First, let us note that ϕ is a smooth function with
This implies that there is at least one solution µ 2 ∈ (0, λ 1 ).
• For µ > λ 1 we have ϕ(µ) U > 0 at least as long as
•
Thus there are no solution in [λ 1 , +∞).
• Finally, for 0 < µ < λ 1 , we have
a potential scattering term and a s-d exchange term.
The various coefficients have the following expression
(93)
(97)
Then, I have to diagonalize the various quadratic forms. First I define
(110)
This allows to rewrite
It is then a standard exercise to diagonalize W σ , and one should note that it allows also to diagonalize the spin-spin interaction. I will note
Then I can finally write H 2 as
5 Asymptotics
I will now evaluate the various coefficients in different regimes, assuming
More precisely, I am interested in
• the local moment regime
• the intermediate valence regime
I will note respectively C (lm) and C (iv) the value of C in the local moment or intermediate valence regimes. I assume that V is continuous and non-vanishing at the Fermi surface and that ε vanishes linearly (this corresponds to the physical situation) so that the following asymptotics hold
Furthermore, I will assume that |ε d | is much smaller than the width of the conduction band (i.e. the range of ε) and I choose units so that |ε d | ≪ 1.
• I will need x 1 as expansion parameter
• µ 2 is given by equation (69) log
• µ 1 is given by equation (79)
• ω 12 is also an important expansion parameter, it is given by equation (80)
• U R is given by equation (90)
• For the scattering potential, I find
(154)
• Finally, for the spin-spin part
Thus I find a strong ferro-magnetic interaction in one channel and a weak antiferromagnetic one in another channel. But one has also to take into account the potential scattering term
whose effect is to suppress the ferro-magnetic channel. Indeed putting an electron in the orbital ϕ F with its spin aligned to the impurity one will result in an energy gain (from this part of the interaction)
On the other hand, putting an electron in the orbital ϕ AF with its spin opposite to the impurity one will result in an energy gain
Therefore at low temperature one will see only the anti-ferromagnetic channel and the model will exhibit a Kondo effect.
6 Computation in the general µ = 0 case
In the general case, as ε − µ is no longer positive one has to go to the so-called particle-hole representation. Formally, this amounts to perform the change
and then do some normal ordering with respect to the a * 's and b * 's. Now one would like to kill the terms which are linear in a σ , a * σ , b σ or b * σ . One can still apply the two general unitary transformations U 1 and U 2 but then one must perform some normal ordering. Thus terms of order 3, 5, etc. in c σ or c * σ will give some contribution to the terms linear in the a's or b's.
One can still use my computation of the flow of U 1 and U 2 , change the c's into a's and b's, do the normal ordering and set the linear terms to zero. Once again one will have two constraints to meet with two adjustable functions so this should be a priori possible, the only point is that the constraints have now much more complicated expressions.
Conclusion
In this paper, I showed that with the help of computer algebra it is possible to compute explicitly non trivial unitary transformations in Quantum Field Theory. For the Anderson impurity model, I succeeded in eliminating the hybridization term in the slightly simplified case of zero chemical potential. This is a rigorous version of the well known Schrieffer-Wolff transformation. Furthermore it should be possible to treat the general case in the same way.
More generally, such exact unitary transformations should be useful when one wants to decouple some small system with finitely many degrees of freedom from a background field, e.g. in dissipative systems. I expect also that one could use computer algebra to perform Hamiltonian conditioning. For instance, in the case of the Kondo problem, I am investigating the possibility of deriving explicitly the effective low-temperature Hamiltonian for the s-d model. This would enable some Renormalization Group study of the model in the low-temperature phase.
A Differential Flow of
The interested reader will find here the raw material to compute the flow of my second unitary transformation. I put only the differential flow since the integrated one would be too long.
∂ t P 1 = P 5 − P 6 ∂ t P 2 = −P 5 + P 6 ∂ t P 3 = −P 7 + P 8 + P 9 + P 14 ∂ t P 4 = P 7 − P 9 − P 10 − P 15 ∂ t P 5 = −P 7 + P 8 + P 9 ∂ t P 6 = P 7 − P 9 − P 10 ∂ t P 7 = P 5 − P 6 + P 11 − P 12 ∂ t P 8 = −P 5 + P 12 − P 20 + P 21 ∂ t P 9 = −P 5 + P 6 − P 20 + P 22 ∂ t P 10 = P 6 − P 11 + P 22 − P 23 ∂ t P 11 = −P 7 + P 10 + P 13 ∂ t P 12 = P 7 − P 8 − P 13 ∂ t P 13 = −P 11 + P 12 + P 21 − P 23 ∂ t P 14 = −P 16 − P 18 + P 21 + P 22 ∂ t P 15 = P 17 + P 19 − P 20 − P 23 ∂ t P 16 = P 14 − P 24 + P 25 ∂ t P 17 = −P 15 + P 24 − P 25 ∂ t P 18 = P 14 − P 26 + P 27 ∂ t P 19 = −P 15 + P 26 − P 27 ∂ t P 20 = P 24 − P 25 ∂ t P 21 = −P 26 + P 27 ∂ t P 22 = −P 24 + P 25 ∂ t P 23 = P 26 − P 27 ∂ t P 24 = −P 20 + P 22 ∂ t P 25 = P 20 − P 22 ∂ t P 26 = P 21 − P 23 ∂ t P 27 = −P 21 + P 23 
